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ABSTRACT

Approximate expressions are obtained for the_ coherent radiation loss
by electrons in a synchrotron in the presence of finite parallel plate metallic
shields, such as the pole faces of the magnet.- The results would seem to
provide a useful interpolation between the two simple limiting cases of shield-
ing by infinite plates and no shielding at all.-



ON THE SUPPRESSION OF COHERSNT RADTATION BY ZLECTRONS IN A SYNCHROTRON.

INTRODUCTION

As is well known, the coherent radiation loss by electrons in a
synchrotron, although independent of energy, increases with decreasing bunch

size as the (-L/3) power(l). In some of the extremely high energy synchrotrons

(1) L.I. Schiff, Rev. Sci. Inste 17, 6 (1946). See also eg. (23) below.

reportedly under consideration, the bunching is likely to be sufficiently marked
that the coherent radiation loss could become serious. As is also well known,

the coherent radiation has a spectruvm mainly in thes short wave radio and micro -
vave regions and hence can he suppressed in part by the use of metallic shields(12

It is ouwr purpose to extend some unpublished results of Schwinger(z), in which

(2) J. Schwinger, On Radiation by Zlectrons in a Betatron, (1945) unpublished.
Ouwr thanks ar:> given to L. Jackson Laslett who called this material to

our attention,

this radiation was calcviated assuming the orbit to lie midway between two plane
parallcl sheets of metal of infinite extent, to the case in which these metallic
shezts are finite, as would be the casz, for example, if the shielding were
produced by the pole .faces of the race track magnet itself. Our results,
although necessarily rough, would seem to provide a useful interpolation

between the two simple limits of shielding by infinite plates and no shielding
at alle.
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POWER RADIATED BY ONE ELECTRON

We begin by writing an expression for the power P, radiated in the
nth harmonic by an electron moving in the z = 0 plane in a circular orbit of

radius R with angular frequency w; namely,

2 7 o s n \}
Pn = Re 4lnuwe fn d(p-9') 6,(R,9,0; R,o',0) [1—-Bacos(cp-cp' )I o1 (q(’;;’)
where B =wR/c. In the above, the Green's function Gplrsp,2; r', o', 2'),
which is to be evaluated on the orbit as indicated, is the outgoing wave solution

of o .
(¥ + %) 6 = ~Hr=rt) § (o-9') & (z-27) (2)
with
k =nw/c =nB/R.
In addition, G, must satisfy appropriate boundary conditions if a metallic
3hield is present. We concider +thrce cases as follows:

I, No Shielding

In this case G, is just the free space Green's function Gr(lo) which,
~hen evaulated on the orbit, is given by
0 o I
Gé ) (R,9,0; R,0!,0) = %ﬁ 321n5'81n9§—_
2R| 81nP2-)

Substitution into eq. (1) vields, after the angular integration is nerformed,

iz well. known result(3>’ (k)

’3) G.A. Schott, Electromagnetic Radiation, (Cambridge Univ. Press, Cambridge
1912).

(L) J. Schwinger, Fhys. Rev. 75, 1912 (1949). Our starting point, eq. (1),

with G, given by eq. (3), is essentially «q. (II1.,7) of this reference.

G o0
B e £ [28° afo(end) - (1-82) I spn(x) ax] (4)
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II. Infinite Parallel Plate Shiclds

In this case G, mast. satisfy thc boundary condition that it vanish on
the metal plates. Taking these plates to be separated by a distance a, with the
clectron orbit midway between the plates, we thus require a solution of eq, (2)
subject to

G, =05 2 =+ a/2 (5)

Thicz function, which we denotg by Gg'), is ecasily derived(S) and can be

(5) 8Se:, for cxample, P.M. Morse and H. Feshback, Methods of Theoretical

Fhysics (McGraw-Hill Book Co., N.Y., 1953) Chapter 7, particularly p. 892.

A detailed derivation is given in reference (2).

expressed as

bn/)

C'n (T',%.Z; ri, Q’,z') =

(6)

o Px £
’21'5331 I sin df(ava/) sind (atras2) H@9) gty ) H(nR'an"t»)

where

-

e ]é_ =0l
W Fknz - G"/a)z__l = H&/Rﬁ - (jﬂ/a)zﬁ_,

an’ vhere r, 1is the lesser of the two radii r and r', r. the greater of the two.
Swbstitution into 27. (1), then yields after nerformance of the angular
intecration,

( < oA 2 1 -\
( I .-Hfl ) Jn+%- (ufﬂ In-1 * Hr(»i Jn+1)Jj (1)

B - “F a
n 3 1 o Re \'l J=1 3 —
: 1Vr0 00

where the argument of all the cylinder functions is
-

o e 2

Yok = | @87 - (gri/a)” |

T power radiated into the attenuated modes is of course zero £'nee for these

mrdes the arguments of the cylinder functions, and olso therefore the products
A1)

.n dpy become purely im2ginary. Only those terms for which j‘é ;%%i consequently

contribute to cae (7).
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III, Finite Parallel Plate Shields

Imagine now that the shielding plates of case II, instcead of being
infinite, extend from an inner radius R) to an outer radius R, (with Ry < R <Ry
of course) as would be the case if the pole pieccs of the ring magnet itself
wera the shielding plates. In this casc, the Greent's function in the region
between the plates must satisfy appropriate (and very complicated) boundary
cenditions at the surfaces r = Ry and r = R2 in addition to the boundary conditions
of 2qe (%)s These cxtra conditions can be satisfied only if a gencral solution
of the homogencous equations is added to the Green's function of eq. (6).

Thus for this casc we must have

ol
G, =G, + F, (8)
where we write Fy in the form .
¢ ) 1
F =4i_3» = gin AT (z+a/2) gind® (z‘+a/2)eim(¢bw )
n 2a J=1 m=Au a a

(9)
Amjnrgl)('?‘njr) + ijH,gg)('YnJr)

where the factor %5 o~ in® oin gﬂ (z'+ a/?) is included for convenience, The
important fact is that F, is a general solution of

(V2% x,2)F, =0
and catisfies e¢q. (5)e The cocfficients Ang and Byy are exactly determinable
only vpon consideration of an'extrgmcly difficult, if not insoluble, boundary
value problem, However, Fn represents essentially reflected waves at the boundaries
Rl and RZ’ and hence these coefficicnts can be roughly estimated £rom »hysical
argumcentse In particuler, we shall sz2ek to stay on the safe side by looking for
something like an upper limit to thc power radiated. 2s a first step, we
assume that as far as thc propagating medes are concerned, the power vadiated
is not lass than it would be for 2n infinite shield - i.¢s - we sct Anj’ an =0
lor propagating modes. It is then nccussary only to consider the power radiated -
~ubo the atienuated modes. As mentioned previously’(#fﬂ) contributes nothing
for attcnmatod modes and only Fy centers. Thus we have

P, < B + p (att) (10)

ne- °n
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vhere é;LQ is given by (7) and where _
n

pr(latt) = Re 4inwe® f d(o-¢') F,(orbit) [1;82003 (cp-—cp')] e"lm(q’z‘;;))
T .

In orcer to evﬁluate eqe (11), we must estimate the remaining And and an.
The easlest way to co this is as follows. In any high encrgy synchrotron, the
length R2 - Rl and the plate separation a are very small compared to the orbit
racius Re Thus the cylindrical waves behave very much like plane waves = i.e4 =
the Bessel functions can be replaced by their asymptotic values. To this
approvim=tion, a typical attenuated mode of G, of eq. (8) has the form of
attenunted plane waves emitted by the source plus waves rcflected at the
boundaries with amplitudes expressible in terms of a complex reflection
cocfficient of crder of magnitud2 wnity. The power transmitted in the attenuated
modes is easily calculated in terms of such reflection cocfficients and an

"unper limit" estimated by choosing the phase of these reflection coafficients
preperly while setting their magnitudes cqual to unnity. The simple result is

thcn the following:

. 2, : ~2yn{B-R))  _p4q(Re=R)
PittC:,Q%Q;.hgﬁ 5 %” jiR (e 23“'—7rl— + o BRI )
J=1,3, &
J>na/mR

In oblaining this result, multiple reflections have been neglected and the
argumont'yan of the Bzssel functiorsin eq. (8) has been approximated by

1, Jt/a). both being permissablc for highly attenusted modes. The various

terms which appear are then casily identified. The factor (nuez/R)(hnR/a)

is the same normalization factor as in eqe. (7), the factor (2/m)(a/jmR) arises
from the asymptotic cxpansion of the Bessel functions, while the first
*xponential gives the attenuation of a wave of unit amplitude originating at the
syurce and then being reflected back to it by the surface at R1 and similarly
for the second exponential term with reflection at R2. In any event, if we now

introduce the dimcnsionless parameters

8= (R - Ry)/e : 8, = (R, - R)/a (12)
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we obtain finally

At mnwe? 7y R -2inE, (1)
n R J‘:l 3 j
b4
J>na/mR

The nroccdure described above is admittedly crude; but in fact we
have obbained the same result by a much more carcful treatment in which the
shicld was regarded as a section of a radial transmission line with proper
care becing given to asymptotic reorcesentations of the Bsassel functions in the
various domain. of order and argumcnt which occure We shall not reproduce that
trcatment here except to say that it shows that ege (13) is adequate provided
8§ <2 and gni320. This rastricticn on & is rclaxed somewhat if R/a is larger,
an might be expected for actual synchrotrons. For example, if R/a <. 100 then
§ ©. 5 is suitable, However, as wc shall see, the shield bchaves very much as if
it were in7initc when § appreciably exceeds 2 and hence this is not a scrious

restriction.

COHZRENT RADIATION

Having obtained exoressions for the power radiated in the nth harmonic
by a single elzctron for each of the three cases, we now desire expressions for
thc powar radiated b say N electrons distributed in a spccified way around the
cirenlar orbitgl)’(2)’(3) In particular, suppose the kth electron to have the
angular coordinate ®) + Wt at time to In the Fourier decomposition of the
ficlds, thz contribution cf sach elcetron thus crntains a phase factor e’inqk
for the nth harmonic. It is then easily estz ,lished that the power radiated in

the nth harmenic by the N electrons is
2

Po| T e % / = NP, + B I cos n(m ~ @) (14)
3! k#a

™ first term gives just the ineohcorcnt power losse Since the spectrum of

this radiation is mostly in ths visible or ultraviolet region, it is of course

vaaffocted by the prasence of the shields - i.8, - when summed over n, it gives

the usual results(l)’(g)’(3)’(h) in all cases and we 3hall not discuss it further,
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Our intercst is in the second term, representing the coherent radiation,

which we express as

N(N + 1) P £, 2 NP £y (25)
where the ferm factor f is

£,= m}-.rn f’é 0% Pl - @) (16)
Assuming that the clcctrons are symmetrically distributed about the same mean
cnzle, say zero, and that each electron is independent, we then have at once

£, = fcos ne  S(p) dcp)2
where S(op) d@ is the probability that a given clectron is found in the angular
interval between @ and @ + d®, For cxample, if the electrons are uniformly
distributed over an angular interval o, then

S(m) =& -5-(‘_-;@ < %-'\

9 ——

= 0, otherwise
and

sin 2 -
fh = ( Tex ) (17)
As a sccond cxample, if the electrons are distributed according to a Gaussiun
law, then
S(w) - -—r---—'(':‘-m :

L
and 2
s = _={no2
£, e (no¥2) (18)
In any event, the total cohcrent radintion is obtained by summing eq. (15)
over all harmonics and wc then have, for the three cases under cnnsideration:

I, No Shiclding

U-") = 2 (?
Pcoh N° Z Py fn (19)
11, Infinite Parallel Plate 3hields
(R (£}

111, Finite Parallcl Plste Shields
(o2) + P(att)

Peoh = Peoh coh (21)
(att) .
- \2 (att)
Pcoh =N Z Pn fn (22)



8

Using the fact that Pgo.\f nl/B, eq. (19) has been evaluated for a

uniform A@istribution by Schwinger(z) and for a Gaussian distribution by Schiff(l)
with the results

2
B = N w E— ( ﬂg) (uniform) (23)
¢ ; T
an Poon = ne w—ﬁ-z- @MB % J%:_L/B [_/_7 (2/3_)} ®  (6aussian)

It is scen that the results are not terribly scnsitive to the detailed character
of the form factor 2nd henceforth we shall consider only the uniform distribution,
Tor this distribution, Schwinger(z) has alsc evaluated eq.- (20), but only under
the 2ssumotion that the size of the bunch is at least of the order of the plate

scparation (i.e., that RA 7 a), with the result(é)

(6) See the appendix for details.

2
M = @
This rcstriction on the size of the bunch is not as serious as it seems at
first glance, since for R4 much less than a the shielding effcects become very
small and hence are not of significance., Additicnally, cxaminaticon of Schwinger!s
derivation leads one to the conclusion that eqe (2L) represents essentially an
upper limit to thc coherent radi~tion loss as X becomes smaller than a/R.
“resumably therefore ea. (2L) can be safely used until * bzeomes small enough
that the rosult is numerically equal to that of eq. (23), after which, of course,
the latter equation can bo uscd.
Finally, we calculate the correction term for finite shields from
20, (22), wsing cg. (17) and eq. (13):
2 2

v(siiﬁ) _ ¥ we
coh

: 2
8in ne< 2)

~25 <J™/a
2T gmBIMEzy T T (ST

, O n=1

o



For 8 £ %, only tho § = 1 term contribubes significantly, as is easily verified,

so that, using

o,
gR/a gin® no/2 w }’R-/a ein_gxég ax = § (UBZ) (25)
] n o X a
we obtain
(att) 2 B

This result is velid under the conditions R/a 7 20 and 1 < § <2, Although
this may seem to be 2 small cdomain of validity, it actually covers the most

imsortant regions. The quantity angf) is easily expressed in terms of known

functions(7); viz,

(7} Ozc, for exawnle, Jahnke and Umde, Tables of Functions (Dover Publications,

Now Yorl;, 1543) p. 2 2nd p. 6.

S(y)
c

1[c+ 1logy - Ci(y)] (27)

0,577 « « « = Euler's constant

s0 that the final result is extremely simple.

As an examnle, in Fig. 1, we present a »lot of the cohesrent power
loss, relative to the loss in the absence of shielding, against plate width for
the socciel case 8 = 6, = §/2 and foro<= ,0L4 and R/a = 50. Although only
a vortion of the curve can be cilecvlated using (21), (23) and (26) we do
know the limit points when § = O (no shiclding) and § =< (infinite parallel
plate shiclding) and hence the rem=inder of the curve can be sketched in without
serious error. The dotted portion in the figure has becn so sketched, while
thz solid nortion has been al culated according to the above,

In Fig. 2, 3 and L4, we nresent the results in convenient form by

introducing the paramcter k(§, 5,04) cefined by

2)
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Values of 8vs R/a for constant k have been plotted for A= .02, OL, .06,

These curves enable one to estimate the width of shielding required tuo reduce
tha cohercent radiation loss to a given amount in units of the loss for infinite
shieldss As an ex~mpnle, given g = 60, :{ = ,02 it might be desired to know the
plate widths necessary to recduce the coherent power to twice Pég;l Selecting

& = 8 so that k (51, §5f4 -k 652, g,oi) = 0.5 we find from the curves of Fig.
2, 81 28, = 1.15 and hence from (12)

R-Rl:Rz"R=1.15ao

ACKNOWLEDGEMENT

We should like to express our apprecistion to l. Jackscn Laslett for
calling this nroblem to ouvr attention and for nrovidimg us with some of his

ovm unnublished matericl as well ns the noterial of reference (2).

AFPENDIX
Because of the unavailability of refercnce (2), we give an outline of
Scawinfer's derivation of eq, (2L). Taking the indicatad rcal part of (7)

we have

(~"/-" - 62 4-"R 1(“ 2 ‘EE 2 2 .‘\‘
Pn = omupm S §=1 3 L Jn® + 57 | Jp-1 t Jn-&E\}
1
JenaB/mwR >
2 -
N -7 (nB)2-(J2E)?
Je<naB/mR a
whare the argument of the Bessel functions Esl
2| *

T @
Since MR/a » 1, the harmonics involved in the radiation are sufficiently high

*hat approximation formulns for Ecsssl functions of large orcder arc applicable
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e N

. . (8) .
and we write -/, placing B= 1,

(8) GeN. Watson, Bessel Functions, (The HMacMillan Co., New York 1945) P. 248,

I, (W® = (3nR/a)2 ) = 75,“ AnR/a ,,1 /3 ((még)
Jn' (W - (J‘nR/a)?) :-/-_—é; HR a K2/3 L{JﬁRéa}
n

(4-2)

o)
recognizing that the contributions to Pr(x are negligible unless

n <. (jmn/a) /3778, so that n must exceed jTR/a by a rather large factor, we

3imnlify the second term of (A-1l) accordingly and obtain

(<) 2 A o /w3 2 3\ |
P, =w&ldh_ ¢ vi K /a [V \+ K ( )
1. : ]! !
R  dmna J=1, 3 nd [- /'3 —-231'1 / 2/5 . 3n .
WJ< n

1

whereo
= j™R/a.

The total coherent powar is then given by

2 e 2 4 r
NG 2 we®” 4R 7 8in ne/2 . 14 | 2 2 ('Y
N = , ) = J K ( J J4X
COh "R 3ma ) ne/2 j=1,3 —;3—1 1/3 Z/q—-—
'YJ < n
Replacing the sum over n by an integral, introducing x = . 3/3n , we then have
5 .
ot e we 1 12R : 1 @ 2
Pooh = R (2 ma (32—1 3 'YJZ ’6 Sin (417 3/st "k)
e ] -

(A-3)
/ /3 (x) + Kz/ (x)] x dx

where, the correct uprmer limit of the integral, 'Yj/3, which in lerge compared
to unity, has becn rieplaced by infinity. Now the main contribution to the
ivtegral comes for values of x in the interval 0% x L.1. In this interval the
argpuint ol the sin® term in the integral is at least of order

AV ‘\/Y = 'jR '/1-371 7 --' Hence, if R*/a is at least of order unity, the 31n2
<orm can be replaced by its averaze value 1, the known in’cegra’ls(e) and sums

performed and the result of eqs (2h) follows,
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Without this restriction on R®/2, the evaluation of eq. (A-3) scoms
possible only mmericnlly., However, we remark that if X is small enough that

the argument of the sin2

tern is r~ther small over the important range, then
this term is considerably lces than its average value anc hence, as indicated
in the tevt, one errs only on the conservative side in cxtending Schwinger's
rcsvlts  Neodless to say, an absolute upper limit is obtained by replacing the

sin term by unity, thus giving twice the result of eq. (2L), but bhis seems

vanceessarily conscrvative,

¢
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